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Abstract. The structural constants of an evolution algebra is given by 
a quadratic matrix A. In this work we establish equivalence between nil, 
right nilpotent evolution algebras and evolution algebras, which are de- 
fined by upper triangular matrix A. The classification of 2-dimensional 
complex evolution algebras is obtained. For an evolution algebra with 
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their compositions. We construct an algorithm running under Math- 
ematica which decides if two finite dimensional evolution algebras are 
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1. Introduction 

In this paper we consider a class of algebras called evolution algebras. 
The concept of evolution algebra lies between algebras and dynamical 
systems. Algebraically, evolution algebras are non- associative Banach 
algebras; dynamically, they represent discrete dynamical systems. Evo- 
lution algebras have many connections with other mathematical fields 
including graph theory, group theory, stochastic processes, mathemat- 
ical physics, etc. [5]. 

In the book [5] the foundation of evolution algebra theory and ap- 
plications in non-Mendelian genetics and Markov chains is developed, 
with pointers to some further research topics. 

Let [E, ■) be an algebra over a field K. If it admits a basis ei, 62, . . . , 
such that 

Ci ■ Cj = 0, if i 7^ j; 



et- ei = 2_^ UikCk, for any i, 

k 

then this algebra is called an evolution algebra. We denote hj A = {oij) 
the matrix of the structural constants of the evolution algebra E. 
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In [2] an evolution algebra A associated to the free population is 
introduced and using this non-associative algebra many results are ob- 
tained in explicit form, e.g. the explicit description of stationary qua- 
dratic operators, and the explicit solutions of a nonlinear evolutionary 
equation in the absence of selection, as well as general theorems on 
convergence to equilibrium in the presence of selection. 

In study of any class of algebras, it is important to describe up to 
isomorphism even algebras of lower dimensions because such descrip- 
tion gives examples to establish or reject certain conjectures. In this 
way in and [6J, the classifications of associative and nilpotent Lie 
algebras of low dimensions were given. 

In this paper we study some properties of evolution algebras. The 
paper is organized as follows. In Section 2 we establish equivalence 
between nil, right nilpotent evolution algebras and evolution algebras, 
which are defined by upper triangular matrix A. In [1] it was proved 
that these notions are equivalent to the nilpotency of evolution alge- 
bras, but right nilindex and nilindex do not coincide in general. Thus 
it is natural to study conditions when some powers of the evolution al- 
gebras are equal to zero. In Section 3 we consider an evolution algebra 
E with an upper triangular matrix A and drive a system of equation 
(for entries of the matrix A) solutions to which gives = for small 
values of k. Section 4 is devoted to the classification of 2-dimensional 
complex evolution algebras. In Section 5 for an evolution algebra with 
a special form of the matrix A we describe all its isomorphisms and 
their compositions. Finally, in Appendix, we construct an algorithm 
running under Mathematica, using Grobner bases and the star prod- 
uct of two evolution matrices, which decides if two finite dimensional 
evolution algebras are isomorphic. 

2. Nil and right nilpotent evolution algebras 

In this section we prove that notions of nil and right nilpotency are 
equivalent for evolution algebras. Moreover, the defined matrix A of 
such algebras has upper (or lower, up to permutation of basis of the 
algebra) triangular form. 

Definition 2.1. An element a of an evolution algebra E is called nil 

if there exists n{a) G N such that {■ ■ ■ {{a ■ a) ■ a) ■ ■ ■ a) =0. Evolution 

^ V ' 

n{a) 

algebra E is called nil if every element of the algebra is nil. 

Theorem 2.2. Let E be a nil evolution algebra with basis {ci, . . . , e„}. 
Then for the elements of the matrix A = (aij) the following relation 
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holds 

(2.1) (Xi-^i2(li2i-^ ■ ■ ■ Oiif.il 0, 

for all ii, . . . ,ik G {1, . . . , n} and k E {I, . . . , n}, with ip ^ ig forp ^ q. 

Proof. Note that ((cj • e^) • Cj) = aaef, hence an = (otherwise the 
element Cj is not nil). We shall prove the equality ( 12. ip for right normed 
terms by induction. 

For the element + e^, 1 < i, j < n, it can be proved by induction 
the following relation 

(e, + e,)2^ = <ria;-i(e, + e,)'. 

The nil condition for the element Cj + ej leads to the equality for the 
elements of the matrix A: 

aijttji = or + = 0. 

Take in account the fact that an = ajj = for any i and j and 
comparing the coefficients at the basic elements, from condition + 

= we obtain aij = aji = 0. Hence, the equation aijttji = for all 
i, j is obtained and therefore the equality fl2.ip is true for k = 2. 

Let (12. ip be true for k—1. We shall prove it for k. For this purpose we 
consider element Cj^ + + ■ ■ ■ + Cj^. . Without loss of generality instead 
of this element we can consider the following element ei + 62 + ■ ■ ■ + 6^. 
Using the hypothesis of the induction it is not difficult to note that 

^2 




n,...,is=l 

Let us take in the above expression s = k + 1, then z^-i = ik- From 
induction hypothesis the coefficient ai^^i^ai^i^ai^i^ . . . ai^_j^i^ is equal to 
zero if is G {i2, ■ ■ ■ ,is-~i}- Therefore we need to consider the case 
is = ii and the above expression will have the following form 

k \ ^=+3 

X] ^ X] ^'PWrn^mm ■ ■ ■ a0(A:)</.(i)eJ(i) = 



=2 
■'i 5 



i=l \0e5fe:0(l)=i / 

where Sk denotes the symmetric group of permutations of k elements. 
Denote 

J^i = ai(/>(2)a0(2)</.(3) ■ ■ ■ C</>(fc)i • 

9ie5fc:0(l)=j 
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We need the following lemmas 

Lemma 2.3. For any i, j = 1, . . . , k we have J-'i = Tj. 

Proof. For (p E Sk with 0(1) = i we construct a unique (p E Sk such 
that 0(1) = j and 

(2.2) ai(/,(2)a<^(2)0{3) ■ ■ • «</.{fc)j = aj^(2) '^0(2)^(3) • • • "'^{k)j 

as follows. Let s be the number such that 0(s) = then the permuta- 
tion is defined as 

1 2 ... k-s + 1 k-s + 2 k~s + 3 ... 

J 0(s + l) ... 0(A;) z 0(2) ... 0(s-l) 

By construction, we note that for a given the is uniquely defined 
and satisfies (12. 2p . Thus we get J^j = -^i- D 

Put a = X1!Li Cj. 
Lemma 2.4. //a^ = i/ien J^i = 0. 
Proof. From = we obtain 



X^flii = 0, i = 1, . . . ,n. 

i=l 

Using this equality we get 

J^l = '^10(2)a<^(2)0(3) • • ■0'<li{k)l = 

</.e5fc:</.(l) = l 

k 

- ^ ai0(2)a0(2)<^(3) • • •a<^(fc)i- 

Since for any i = 2, . . . ,k there exists Si such that 0(si) = i, by the 
assumption of the induction we get 

aj0(2)a</.(2)0(3) • • • a<j>{k)l = aj0(2)a</.(2)0(3) • ■ • 0-<l>{si-l)iO'i(f>{si+l) ■ ■ ■ CltPik)! = 0. 

□ 



Now we continue the proof of theorem. Using Lemma 12. 3[ we get 

^ k \ ^+3 



j=i 
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By Lemma [23] we get J-'i = 0. Fix an arbitrary 0o ^ Sk with 0o(l) = 1 
and multiply both side of J^i = by ai^,^(2)a^o{2)M3) ■ ■ ■ (^Mi^n ^^^^ 
(again using the assumption of the induction) we obtain 

2 2 2 _ ri 

%</>o(2)«0o(2)<^o(3) • • • ^Mk)! ~ 

i.e. 

«l</.o(2)O0o(2)</.o(3) • • • «9io(fc)l = 0' 

which completes the induction and the proof of theorem. □ 

For an evolution algebra E we introduce the following sequence 

E<^> = E, ^<'=+i> = E<''>E, k>l. 

Definition 2.5. An evolution algebra is called right nilpotent if there 
exists some s G N such that E^^^ = 0. 

Let evolution algebra i? be a right nilpotent algebra, then it is evident 
that E is nil algebra. Therefore for the related matrix A = {aij)'^j^^ 
we have 

(2.3) (Xi^i2Cli2ig ■ ■ ■ O'ij^ii 0, 

for any A; G {1, 2, . . . , ra} and arbitrary ii,i2, . . . ,ik G {1) 2, . . . , n} with 
ip 7^ iq for pj^q. 

Lemma 2.6. Let the matrix A satisfies Ii2.3\) . Then for any j G 
{1, . . . ,n} there is a row ttj of A with j zeros. Moreover, ^ ttj^ 

7^i2- 

Proof. First we shall prove that there is a row with j = n zeros, i.e. all 
zeros. Assume that there is not such a row. Then for any i G {1, . . . , n} 
there is a number (3{i) G {1, . . . , n} \ {i} such that aj/3(j) 7^ 0. Consider 
the sequence 

= 1,12 = m,^3 = f^m)), • • • , wi = ^{_jMm- 

n 

Then by assumption we have 7^ 0, for all m = 1, . . . , n hence 

(2.4) cii^i^ai^i^ . . . Q-i^in^i 7^ 0. 

Since ij G {1, . . . , n}, j = 1, . . . , n + 1 between them there are ip = iq 
for some p 7^ G {1, . . . , n + 1}. Thus 

(2.5) • • • ^iq-iip 7^ 0- 

So (12.51) is in contradiction with (12.31) . Thus there is a row 7r„ with 
all zeros (n zeros). 

Now we shall prove that there is a row n^-i ^ TCn of A with n — 1 
zeros. Consider A^^-minor of A which is constructed by A deleting row 
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Tin and column 7r„. Matrix Aj^^ is (n — 1) x (n — 1) and condition (12.31) 
implies the condition 



(2.6) 



0, 



for any k G {1, . . . ,n — l} and arbitrary ii,i2, . . . ,ik G {1, . . . , n} \ {tt^} 
with ip 7^ iq for all p ^ q. 

To prove that A has a row with j = n — 1 zeros it is enough to prove 
that Att^ has a row with all zeros. But this problem is the same as 
the case j = n, only we must consider condition (12.61) instead of (12. 3p . 
Iterating this argument we can show that for any j there exists a row 
TTj with j zeros. The proof of the lemma is completed. □ 

The following theorem is the main result of this section. 

Theorem 2.7. The following statements are equivalent for an n- dimensional 
evolution algebra E: 

a) The matrix corresponding to E can he written as 



(2.7) 



A 



/o 


ai2 


ai3 . . 




















.. 









/ 



b) E is right nilpotent algebra; 

c) E is nil algebra. 



Proof, b) ^ a). Since the equality (12. 3p is true for right nilpotent 
algebra then we are in the conditions of the Lemma 12. 6[ Consider the 
permutation of the first indexes {1, . . . , of the matrix A as 



TT 




where tt, is defined in the proof of the Lemma 12. 6[ Note that Lemma 




is also true for columns: for any j there is a column with j zeros. 
Moreover Tp Tq, p ^ q. Now consider permutation of the second 
indexes {1, . . . , n} as 



r 




Then t{'k{A)) = A. 
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The imphcation b) =^ c) is evident since every right nilpotent 
evolution algebra is nil algebra. 

The implication a) ^ b, c ) is also true, because the table of 
the multiplication of the evolution algebra defined by upper triangular 
matrix A will be right nilpotent and nil. 

The implication c) =^ a) follows from Theorem 12. 2[ □ 

3. Conditions for E'' = 
For an evolution algebra E we define the lower central sequence by: 

k-l 

E^ = E, E'' = J2 E'E^-\ k>l. 
1=1 

An evolution algebra E is called nilpotent if there exists n G N such 
that E'^ = 0. In [T], it is proved that the notions of nilpotent and right 
nilpotent are equivalent. 

In this section we consider an n-dimensional evolution algebra E 
with a triangular (as A in Theorem 12. 7p matrix A and for small values 
of k we present conditions on entries of A under which E^ = 0. 

First, for n = 3 we have E'^ = -v^ aij = and E^ = 0^12^23 = 0. 
For n = 4 one easily finds E"^ = a^j = and 

E^ = ^ 012^23 = 0, 012^24 = 0, 013034 = 0, 023^34 = 0. 

Now we consider an arbitrary n G N and for k = 3,4,5, we shall 
drive solutions of a system of equations (for aij) which give E'' = 
0,k = 3,4,5. 

Let =< ei, . . . , e„ > be an evolution algebra with matrix (12. 7p . 
Case k = 3: We have efcj = ejcj, CiCjCk = 0,i j. Thus we 
get 

\Es=j+i«u«i'^e<, if i > ^ + 1, s > j + 1 . 

So the system of equations is 

aijttjs = for j > i + l,s > j + 1, i,j = 1, . . . ,n 

Case k = 4: Since efe'j = e'jef; {efej)es = {ejef)es 
Csiefcj); eiCjCset = 0, if i ^ j; {eiejes)et = etieiejCs),. 
enough to consider e^e^ and (e^ej)es. We have 

n / t-i \ 

t=j+2 \u=j+l ) 



(n;3) 

= e.(eje2) = 
. . . it will be 



n;4) 
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n 

{ejej)es = ^ aijajsttstet, j >i + l, s> j + 1. 

t=s+l 

So the system of equations is 

Yll^Jj+i aiuajuttut = if j < i,t > j + 2,i,j = 1, . . . ,n; 
aijajgast = if J > ^ + 1, s > j + 1, t > s + 1. 

Case k = 5: We should only use previous non-zero words and mul- 
tiply them to get a word of length 5: 

n / s-1 \ 

^"i^h^ ^ I ^iuajuausast | e*, i< j, s>j + 2, 

t=S+l \u=j + l J 

n / u—1 \ 

ie'^ej)el = aij ^ I ^ ajtastatu | e„, j < i + I, s > j, 

u=s+2 \t=s+l / 

n 

e^eje^e^ = ^ (aijOj^a^^a^^) e„, j >i + l, s> j + 1, v > s + 1. 

u=v+l 

Thus we get the following system of equations 

E«=j+i CLiuajuausast = if j < i, s > j + 2,t > s + 1, 
(^ij Ylt=s+i '^jtO'statu = if j > i + I, s > j,u> s + 2, {n;5) 

Thus we have proved the following 



Theorem 3.1. Let E he an evolution algebra with matrix {2.1) then 
= Q if the elements of the matrix ^2. 7| j satisfy the equations (n;k), 
where A; = 3, 4, 5. 

4. Classification of complex 2-dimensional evolution 

algebras 

In this section we give the classification of 2-dimensional complex 
evolution algebras. 

Let E and E' be evolution algebras and {cj} a natural basis of E. A 
linear map (p: i? — )■ £" is called an homomorphism of evolution algebras 
if it is an algebraic map and if the set {f{ei)} can be complemented 
to a natural basis of E\ Moreover, if if is bijective, then it is called an 
isomorphism. 

Let i? be a 2-dimensional complex evolution algebra and {ei, 62} be 
a basis of the algebra E. 

It is evident that if dimE^ = then E is an abelian algebra, i.e. an 
algebra with all products zero. 
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Theorem 4.1. Any 2- dimensional complex evolution algebra E is iso- 
morphic to one of the following pairwise non isomorphic algebras: 

(1) dim£;2 = 1 

• El : eiCi = ei, 

• E2 : eiCi = ei, 6262 = ei, 

• E3 : eiCi = ei + 62, 6262 = -Ci - 62, 

• £^4 : eiCi = 62. 

(2) dimE^ = 2 

• Erj : eiCi = ei + 0262, 6262 = 0361 + 62, 1 — 0203 0, 
where -£5(02, 03) = £^5(03, 02), 

• Eq : eiCi = 62, 6262 = ei + 0462, 04 7^ 0, where EQ^a^) = 
£;6(a^) ^ ^ = COS ^ + i sin ^ /or some = 0, 1, 2. 

Proof. For an evolution algebra we have 

6161 = 0161 + 0262, 6262 = 0361 + 0462, 6162 = 6261 = 0. 

Since dim^^ = 1, then 

6161 = 61(0161 + O262), 6262 = C2(ai6i + 0262), 6162 = 6261 = 0. 

Evidently (01,62) 7^ (0,0), because otherwise our algebra will be 
abelian. 

Since 61 and 62 are symmetric we can suppose that ei 7^ 0, then by 
simple change of basis (scale of it) we can do ci = 1. 

Case 1. Oi 7^ 0. Then we take the following change of basis 

e'l = 0161 + 0262, 62 = Asi + Be2, 

where aiB — 02A 7^ 0. 
Consider the product 

= e'l 62 = (ai6i + 0262)(A6i + S62) = OiA(oi6i + 0262) + 

02-862(0161 + 0262) = {aiA + 02-Be2)(oi6i + 0262). 
Therefore, a^A + 02-Be = 0, i.e. A = and aiB - 02A = aiB + 

ai / 

It means that in the case when Oi + 0362 7^ we can take the above 
change. 

Consider the products 

6161 = (0161 + 0262) (0161 + O262) = 01(0161 + 0262) +0362(0161 + 0262) = 

(oi + 0262) (0161 + 0262) = (oi + 0262)61, 
6262 = (Aei + Be2)(Aei + Be2) = A^(oi6i + O262) + -B|e2(oi6i + O262) = 
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Case 1.1.: C2 = 0. Then eiCi — afei, 6262 = 6162 = 6261 = 0. 

Taking e[ — ^ we get the algebra Ei. 

"1 

I 2" 

Case 1.2.: C2 7^ 0. Then taking B = y ^ we obtain 

eiei = {al + alc2)ei, 6262 = (a^ + 0-2^2)61. 
If al + o|c2 7^ 0, the following change of basis 



af + a2C2 af + 0302 

derives to the algebra with multiplication: 

eiCi = ei, 6262 = ei. 

2 

If a? + a2C2 — 0, then C2 = — ^ and we have CiCi — aiCi + 

0262, 6262 = -^ei - Je2. 

The change of basis — e'2 — ^^2 derives to the algebra 

Case 2. oi = 0. Then we have the products eiCi = 02^2, 6262 = 
€20262, where 02 7^ 0. 

If C2 = 0, then by the change e[ = we get again the algebra E4. 

If C2 7^ 0, then by e[ = ^J^—i ^ ^2 — 1^ '^^ S^^ algebra CiCi = 

62, 6262 = 62 which is isomorphic to the algebra £^2- 

Now we consider algebras with dim E'^ — 2. Let us write the table 
of multiplication: 



ciCi = aiCi + 0262, 6262 — a^ei + 0462, 

where 0104 — a2a3 7^ 0. 

Case 1. ai 7^ and 7^ 0. Then we can transform both of them 
to unit, i.e. we can suppose Oi = 04 = 1. Therefore we have the two 
parametric family £'5(02, 03): 

CiCi = ei + 0262, 6262 = 0361 + 62, 1 — 02^3 7^ 0. 

Let us take the general change of basis of the form 

e[ = AiCi + ^62, 62 = -8161 + i32e2, 

where ^1^2 - -42^1 7^ 0. 
Consider the product 

= ei6'2 = (Aiei+A2e2)(5i6i+52e2) = Ai5i(ei+a262)+A2S2(a36i+ 
62) = {AiBi + ^2^203)61 + {AiBia2 + A2B2)e2. 
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Since in tiiis new basis the algebra should be also evolution we have 

AiBi + Aa^aOa = 0, Ai^iCa + A2B2 = 0. 

From which we have ^2-82(1 — 0203) = 0, AiBi{l — 0203) = 0. Since 
1 — 0203 7^ 0, then we have AiBi = A2B2 = 0. 

Case 1.1.: A2 = 0. Then Bi = 0. 
Consider the products 

e[e[ = Al{ei + 0262) = e[ + a^e^ = A^ci + 02^262 ^? = 
A, Ala2 = ^1 = 1, 

6262 = -81(0361 + 62) = 0361 + 62 = 03^4161 + i?2e2 =^ -Blos — 
a'^Ai, Bl = B2 ^ B2 = l. 
Case 1.2.: Ai — 0. Then B2 — and from the family of algebras 
£■5(02,03) we get the family £5(03,02). 

Ccise 2. oi = or 04 = 0. Since 61 and 62 are symmetric then without 
loss of generality we can suppose that oi = 0. 

eiCi = 0262, 6262 = 0361 + 0462, 

where 0203 ^ 0. 

Taking the change of basis e', — ^/^—ei, = ^ -^€2 we obtain 

y 0>20>3 Y 020^3 

the one-parametric family of algebras £6(04)- 

ei6i = 62, 6262 = 61 + 0462. 

Let us take the general change of basis 

e'l = Aiei + ^1262, 63 = -6161 + -6262, 

where A1B2 - A2B1 yi^ 0. 
Consider the product 

= e;6'2 = (Ai6i+^62)(5i6i + S262) = ^1^162 + ^^2 (61 + 0462) • 

Therefore A1S1 + A2S2O4 = 0, A2B2 = ^ A^Bi = 0, A2B2 = 0. 
Without loss of generality we can assume that A2 — 0. Then £1 = 0. 

Consider the product 

e[e[ = A\e2 = e'2 = £262 ^ Aj = £2, 

6262 = £|(6i + 0462) = e[ + O462 = Aiei + a'^B2e2 =^ Bl ^ 
^1, £|o4 = £204. 

Prom these equalities we have £| = 1, £204 = O4. 

If ^ = cos^ + isin^ for some k = 0,1,2, then putting £2 = 
cos ^ + i sin ^ we obtain the isomorphism between algebras £5(04) 
and £6(04). 

The pairwise non isomorphic obtained algebras can be checked by 
comparison of the algebraic properties listed in the following table. 
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dim E'^ 


Right Nilpotency 


dim ( Anniliilator ) 


Nil Elements 


El 


1 


No 


1 


Yes 


E2 


1 


No 





Yes 


E3 


1 


No 





No 


^4 


1 


Yes 


1 


Yes 


^5 


2 


No 





Non 


Ee 


2 


No 





Yes 



□ 



5. Isomorphisms of evolution algebras 



Since the study of the isomorphisms for any class of algebras is a cru- 
cial task and taking into account the great difficulties of their descrip- 
tion, in this section we consider a particular case of evolution algebras, 
which have matrices in the diagonal 2x2 non-zero blocks. 

Let E be an evolution algebra which has a matrix A in the following 
form 



A 



/ ai 


bi 





. 


. 







Cl 


d. 





. 


. 













02 


&2 . 


. 













C2 


C?2 • 


. 
















. 


■ «n 


bn 




V 








. 




dn 


I 



The basis {ci, . . . , e2n} of this evolution algebra has the following rela- 
tions: 

e^ej = 0,i 7^ j; elj^_^ = ake2k~i + bke2k, k = 1,2, . . . ,n; 



■'2k 



Cfce2fc-i + 4e2fc, = 1,2, . . . ,n. 



Let be an isomorphism of the evolution algebra E onto E with matrix 
A' . Write (f as 

/ an ai2 ... Q;i.2n \ 



0121 OL22 



0^2,2n 



y OL2n,\ 0!2n,2 ■ ■ ■ OL2n,2n 

with det(<^) 7^ 0. We have 

(e-)^ = {^{e^f = (a-itti Q!-2Ci)ei (a-i^i a\^dx)e2-^ 



ON EVOLUTION ALGEBRAS 13 
H ^(«?,2n-lOn+«?,2nCn)e2n-l + (a^,2„-l^n+aLnf^n)e2n; i = 1 , 2, . . . , 2n. 

For i ^ j we get 
(5.1) 

e[e'j = {anajitti + ai2aj2Ci) ei + (anajibi + ai2aj2di) 62 + ■ ■ ■ 

+ (tti,2n-lOj,2?i-l'^n. + «i,2?iCtj,2nCn)e2n-l (tti,2n-lttj,2n-l^n + «i,2?iCti,2nf^n) e2n. 

Prom (15.11) we obtain 



(5.2) 



anajiQi + ai2Cij2Ci = 
anajibi + ai2aj2di = 

aj,2n-iaj,2n-ian + ai,2naj,2nCn = 
Oii,2n-lOij,2n-lbn + <^i,2n(Xj,2ndn = 0. 



Let S'2n be the group of permutations of 1, 2, ... , 2n. 

Theorem 5.1. Assume that det(74) ^ then 

(i) For any isomorphism Lp : E ^ E there exists unique n = n{ip) G 
S2n such that 



' ( an 

"21 



ai,2n \ 
a2,2n 



I v 



OL2nA 



Oi2n,2n 



ai^(i) 7^ 0, 1 <i <2n 
and the rest of elements aij = 



Moreover, the set $ = ^nes-zn^Tr ^■^ the set of all possible homomor- 
phisms. 

(a) For any vr, r G S'2„, the following equality holds 

The set G = {$7r : £ S2n} is a multiplicative group. 

Proof, (i) Since det(v4) 7^ we have aidi — biCi 7^ for any i = 
1,2, ... ,n. Thus from (15.21) we have 



(5.3) 



ttifcttifc = 0, i^ j, i,j,k = l,..., 2n. 



By (15.31) it is easy to see that each row and each column of the matrix 
(p must contain exactly one non-zero element. It is not difficult to see 
that every such matrix corresponds to a permutation vr. The set of 
all possible solutions of (15. 3p give all the possible isomorphisms, i.e. we 
get the set 
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(ii) Take ip = {aij} G and ijj = {A^} G $r- Denote ipo^ip = {'jij}. 
It is easy to see that 



7ij 



if T(7r(^)); 

Oiinii)/3n{i)T{TT{i)) if i = T(7r(i)). 

This gives ^n^r = ^t-k and then one easily can check that G is a 
group. □ 

Now for a fixed ip (i.e. tt) we shall find the matrix A'. Consider 
71 G S2n and the corresponding ip.„ = (aij): 



a. 



if ttW; 
«i7r(i) if j = n{{). 



We have 

(5.4) e- = ai^(i)e^(j) , z = 1, . . . , 2n. 

Using this equality we get 



2 2 



By (15. 4p from the last equality we get 



«r(2fc-i)(«fc62fc-i + bke2k), if 7r(z) = 2k - 1 

if 7r(2) = 2A;. 



J\2 



(ai(2fc-i)afc)e- + 



z(2fc-l) 



(^^SyCfc)e;_i(2fc_i) + (ai(2fc)4)e- , if vr(z) = 2A;. 



(5.5) 



(a^j) is a matrix with 










ttj(2A,-l)aA: 


if 7r(i) = 


2A; 


- 1, J = ^; 






i(2fc-i) u. 
ai(2fe) ' 


if 7r(z) = 


2k 


- 1, rf{j) = 


2k 




i(2fe) „ 
ai(2fe-i) 


if 7r(?) = 


2k, 


7r(j) = 2k 


- 1 




Oii{2k)dk, 


if 7r(i) = 


2k, 


j = i; 









otherwise 









Theorem 5.2. .4ssnme i/iai det(^) 7^ 0. Lei : i? i? yl'j 
6e an isomorphism then A' has the same form as A if and only if ip 
belongs to $7^, where ir G = {vr = (7r(l), . . . , 7r(2?i)) G '■ T^ii) G 
{7r{i - 1) ± 1}, i = l,2,.. .,2n}. 
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Proof. Using given above formula (15. 5p for A' and the condition det(A) 7^ 
one can see that it has form as A iff 7r(z) G {7r(i — 1) ± 1}, i = 
l,2,...,2n. □ 

Properties of the matrix A can be uniquely defined by properties of 
its non-zero blocks. So if we consider n = 1 then for det(A) 7^ we 
have two classes of isomorphisms: 




^12 = <\ n X \ -aS^O} with A' 



2 

aa b%- 



5 

c^- dd 



a 



P\ 1 dp 



*2i = < n h /37 7^ y with A' 



?2 



7 



It is easy to check the following embedding: 

$12$21 C $21, $21^12 C $21; 

$21^21 C $12, $12 is a group. 
Adding the symmetric property to the matrices A and A' we get the 
following classes of isomorphisms: 

a 




^21 = <\ n \ :P7^0,ad-b'^0,bl3' = bY 



Appendix 

The following program written in Mathematica permits to check the 
existence (or non existence) of an isomorphism between two evolution 
algebras of dimension n. It is based on the star product of two evolution 
matrices, A*B, see [H page 31] and the computation of Grobner bases. 
In particular, one can check again that the algebras Ei,i = 1, . . . ,6 (see 
Theorem 14.11) are pairwise non isomorphic. 

StarProduct [A_List , B_List] := Module [{icont , jcont, kcont, 
AEB, ndim, Indices}, ndim = Dimensions [A] [ [1] ] ; 
Indices = {.}; 

Do [Indices = Join [Indices , {{icont, jcont}}]; 
, {icont, 1, ndim}, {jcont, icont + 1, ndim}]; 
AEB = Table [Table [aux [icont , jcont], {icont, 1, ndim}], 
{jcont,l, (ndim"2 - ndim)/2}] ; 
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Do[AEB[[icont, kcont]] = 
A [ [Indices [ [icont] ][[!]], kcont] ] * 
B [ [Indices [ [icont] ] [ [2] ] , kcont] ] ; 
, {icont, 1, Length [Indices]}, {kcont, 1, ndim}] ; 
Return [AEB] ; ] 

SystemEquations [P_List , Q_List] :=Module[{FirstEquation, 
SecondEquation, ThirdEquation, A, ndim. Result}, 
ndim = Dimensions [P] [[!]] ; 

A = Table [Table [aux [icont , jcont] , {jcont, 1, ndim}], 

{icont, 1, ndim}] ; 
FirstEquation = (A*A).Q - P. A; 

SecondEquation = StarProduct [Transpose [A] , Transpose [A] ]. Q ; 

ThirdEquation = {Det [A] *Y - 1}; 
Result = Join [Flatten [FirstEquation] , 

Flatten [SecondEquation] , ThirdEquation] ; Return [Result] ;] 
IsoEvolAlgebrasQ [Al_, A2_] := Module [{Equations , BGrobner}, 
Equations = SystemEquations [Al , A2] ; 

BGrobner = GroebnerBasis [Equations , Variables [Equations] ] ; 
(* Print temporal *) 
Print [BGrobner] ; 
If [BGrobner == {1}, 

Print ["Evolution algebras are NOT isomorphic"]; 
Print ["Evolution algebras are isomorphic"]; ] ;] 



Example 5.3. We check that the evolution algebras and Eq are not 
isomorphic. 

IsoEvolAlgebrasQ [{{1, a2}, {a3, 1}}, {{0, 1}, {1, a4}}] 

{1} 

Evolution algebras are NOT isomorphic 
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